Introduction
The linear behaviour of viscoelastic materials when stressed at small deformation gradients can be satisfactorily described with a combination of "elastic springs" and "viscous dashpots" and it can be described by linear differential equations with constant coefficients of the form Such relations are well known in the literature of rheology [1] [2] [3] , structural mechanics [5, 6] and automatic control [7] [8] [9] . The causality requirement in the time-response functions enforces strict relations between the real and imaginary parts of their corresponding frequency response functions.
These relations are known as the Kramers-Kronig relations or merely that the real and imaginary part of the frequency response function need to be Hilbert pairs [10] [11] [12] .
During a relaxation test, the stress output due to a unit step-strain input is the relaxation modulus, G(t) and is the inverse Fourier transform of the complex dynamic viscosity ( ) , which is the ratio of a cyclic stress output ( ), over a cyclic strain-rate input ̇( ). On the other hand, during a creep test, the strain output due to a unit step-stress input is the creep compliance J(t), which is a quantity that in generally grows with time;
therefore, its Fourier transform, 
where = + . When r is positive and sufficiently large the integral in equation (3) converges.
However, when this approach is used to obtain complex frequency response functions from creep tests, results can be obtained only for simple cases [15] .
In theory, the complex creep function ( )  
Equation ( 
Basic frequency and time response functions
The linearity of Eq. (1) permits its transformation in the frequency domain by using the Fourier transform 
that relates a stress output to strain input. The numerator of the right hand of Eq. 6 is a polynomial of degree n and the denominator of degree m; therefore, G( ) has n zeros and m poles.
A frequency response function that has more poles than zeros (m > n) is called strictly proper and results in a strictly causal time response function, which means that it is zero at negative times and finite at the time origin.
The stress τ(t) in Eq. 1 can be computed in the time domain with the convolution integral
where q(t) is the memory function of the model [2] , defined as the resulting stress at time t, due to an impulsive strain input at time ξ (ξ <t) and is the inverse Fourier transform of the complex dynamic modulus, G( ).
The inverse Fourier transform given by Eq. improper [18] .
The inverse of the complex dynamic modulus is the complex dynamic compliance [19] 
which is a frequency response function that relates a strain output to a stress input. From equations 6 and 9, it is clear that when a phenomenological model has a strictly proper complex modulus it has an improper complex compliance and vice versa.
Accordingly, when the causality of a proposed model is a concern, it is important to specify what i s t h e i n p u t a n d w h a t i s t h e o u t p u t .
When the dynamic compliance J(ω) is a proper frequency response function, the strain history γ(t)
in equation 1 can be computed in the time domain
where φ( )is the impulse fluidity, defined as the resulting strain history at time t due to an impulsive stress input at time ξ (ξ < t), and it is the inverse Fourier transform of the dynamic compliance.
In structural mechanics, the equivalent of the impulse fluidity is known as the impulse response function, h(t) [6, 16, 20] . Another useful frequency response function of a phenomenological model is the complex viscosity η(ω) = η1(ω) + iη2(ω), which relates a stress output to a strain-rate input
where (ω) = iωγ (ω) = Fourier transform of the strain-rate time history. In structural mechanics, the equivalent of the complex viscosity at the force-velocity level is known as the impedance function Z(ω) = Z1(ω) + i Z2(ω) [5, 16] . For the linear viscoelastic model given by Eq. 1, the complex viscosity of the model is
The stress τ(t) in equation 1 can be computed in the time domain with an alternative convolution
where G(t) is the relaxation modulus of the model defines as the resulting stress at the present time, t, for a unit-step strain at time ξ (ξ < t) and is the whereas the memory function q(t) has a singularity at the time origin. At negative times ( < 0), all four time-response functions appearing on the right column of Table   1 need to be zero in order for the viscoelastic network (rheological model) to be casual. The requirement for a time-response function to be casual in the time-domain implies that its corresponding frequency response function,
, is analytic on the bottomhalf complex plane [11, 12, 16, 21] . The analyticity condition on a complex function, 
The complex creep function of the elastic (Hookean) solid
For the linear elastic solid with shear modulus, G, Under a unit-step stress loading, ( ) = ( − 0), where ( − 0) is the Heaviside unit-step function, equation (18) gives
The inverse Fourier transform of the Heaviest unitstep function is ( − 0) − / [11] ; therefore, the complex creep function of the elastic solid is 
Under a unit-step stress loading, ( ) = ( − 0), integration of equation (21) gives
Equation (22) Equation (22) is rewritten as
where sgn(t) is the signum function. Accordingly,
Now, the Fourier transform of the first term in the brackets, ( ) in the right-hand side integral of eq. (24) is −1/ [22] . Accordingly,
At this point we make use of the property of the derivative of the Dirac delta function [23] ( 0) ( )
According to equation (26) 
By virtue of equation (27) , the inverse Fourier transform of ( ) is /2 ; therefore, the
Substitution of the result of equation (28) into equation (25) , the complex creep function of the linear viscous fluid assumes the form
For the complex creep function given by equation (29) to be physically admissible its real and imaginary parts as emerged from the foregoing analysis need to be Hilbert pairs [10, 11] .
Accordingly, it is sufficient to show that the real part ( ) = −1/ is the Hilbert transform of the imaginary part, ( ) = ( − 0)/ .
According to equation (16), the Hilbert transform of the imaginary part is
With the change of variables, = − , = , equation (30) becomes
By using the property of the derivative of the Dirac delta function offered by equation (26) , equation
The result of equation (32) 
The complex creep function of the KelvinVoigt solid
For a spring-dashpot parallel connection with shear modulus G and viscocity , equation (1) reduces to ( ) ( ) ( )
Under a unit step-stress loading, ( ) = ( − 0), integration of equation (33) gives [24]   Accordingly, the complex creep function of the Kelvin-Voigt solid is merely
The complex creep function of the Maxwell fluid
For a spring-dashpot connection in series with shear modulus, G and viscosity, , equation (1) reduces to
In this in-series connection, the stress is a through variable; therefore, the creep compliance of the Maxwell fluid is merely the summation of the creep compliance of the elastic solid given by equation (19) and the creep compliance of the viscous fluid given by equation (22) . Accordingly, the creep compliance of the Maxwell fluid is
and the corresponding complex creep function is the summation of the complex creep functions
given by equations (20) and (27) . Accordingly, the complex creep function of the Maxwell fluid is
The complex creep functions of the elastic solid, 
The complex creep function of the 3-parameres Poynting-Thomson solid
The 3-parameter Poynting-Thomson solid is a popular viscoelastic model which finds applications from the characterization of solid polymers [25] , the modelling of bone tissue [26] and rock strata [27] and is expressed by
Equation (39) describes either an elastic spring , that is connected in series with a spring , and a dashpot , parallel connection or an elastic spring , that is connected in parallel with spring , and a dashpot , in-series connection (see top of Table   3 ). In the first configuration, the parameters appearing in equation (39) Under a unit step-stress loading, ( ) = ( − 0),
By noticing that the time derivative of the auxiliary
the integration of equation (40) gives
The creep compliance of the 3-parameter Poynting-Thomson solid given by equation (42) 
Relaxation Modulus,
The complex creep function of the 3-parameter Jeffreys fluid
The 3-parameters Jeffreys fluid is a popular viscoelastic model which has been initially proposed by Jeffreys [28] to model the viscoelastic behaviour of the earth strata and subsequently enjoyed wide acceptance by rheologist in studies ranging in a variety of subjects [29] [30] [31] . Its constitutive law is described by ( ) ( )
Equation (44) Under a unit step-stress loading, ( ) = ( − 0),
By following an integration scheme similar to that presented for the Poynting-Thomson solid, the integration of equation (45) gives
The creep compliance of the 3-parameters Jeffreys fluid given by equation (46) 
The complex creep functions of the 3-parameter Poynting-Thomson solid and the Jeffreys fluid expressed by equations (43) and (47) are summarized in Table 3 next to the other known frequency and time-response functions [2, 17] .
Decomposition of the Creep Compliance of Materials to Elementary Functions
While there are materials that their time response functions follow a power law [32] [33] [34] [35] [36] , several practical materials in engineering exhibit either a solid-like or a fluid-like behaviour [2, 15, 19, 37] .
In general, if under a step-stress loading the shear strain initially jumps to a finite value and then gradually increases by reaching a constant finite value at large times, the material is said to be a shown in Figure 1c .
The quantities , and appearing in equation (48) 
Equation (49) is essentially the same as equation (42) Table 3 .
In most cases a single exponential term ( 
where N is the number of sufficient exponential terms with different relaxation times , which are 
1
Equation (52) Table 3 . 
